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Abstract
The extrapolation of the decay amplitude of the pseudoscalar mesons
into two photons from the soft meson limit where it is obtained from
the axial anomaly to the mass-shell involves the contribution of the O−
continuum. The corrections to the soft-meson limit are estimated. Despite
the large values of the η and η0 masses the results for f8/fpi and f0/fpi
remain consistent with those obtained from chiral perturbation theory.
The two photon decay modes of the pseudoscalar mesons P = 0; ; 0
indicate large deviations from the SU(3) prediction for the decays  ! 2γ and
0 ! 2γ. SU(3) breaking eects enter through  − 0 mixing and through the
deviation of the ratio f8=fpi from unity. These eects are calculated in chiral
perturbation theory [1] and there emerges a consistent picture [2]. Another
symmetry breaking eect originates from SU(3)SU(3) breaking : the decay
rate is obtained in the soft meson limit from the ABJ axial anomaly [3] and the
extrapolation to the mass-shell involves corrections O(m2P ) which are expected
to be small for the 0 but which are not necessarily so for the  and 0. These
corrections to the PCAC limit, which arise from the 0− continuum are similar
to those to the Goldberger-Treiman relation [4]. Attempts to estimate them
have been undertaken in the case of the 0 [5] and  [6] mesons but in both
cases only the contributions of the high energy part of the 0− spectrum was
considered.
It is the purpose of this calculation to provide an estimate of the corrections
to PCAC for all three pseudoscalar meson decays into two photons by taking
the whole 0− spectrum into account.
Consider the three point function
Tαµν(p; q1; q2) = 2i
∫ ∫
dx dy exp(−iq1x + ipy) h0 j T Aα(y)Vµ(x)Vν (0) j 0i
= 11(p2 −m2pi)µνλσqλ1 qσ2 pαF (p2; q21 ; q22) + other tensor structures(1)
where the pion pole contribution has been isolated and where the neutral axial-
vector current
Aα = 12(uγαγ5u− dγαγ5d) (2)
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couples to the 0 meson
h0 j Aα j 0(p)i = ifpi0pα ; fpi0 ’ fpi+ = :0924GeV (3)
and
Vµ = 23uγµu− 13 dγµd− 13sγµs (4)
denotes the electromagnetic current.
In the soft  limit and with both photons on mass-shell the axial anomaly
[3] yields
F (0; 0; 0) = 1 (5)
The rate of the decay 0 ! 2γ provides a measurement of
F (m2pi; 0; 0) = 1 + O(m
2
pi) (6)
Equation(??) denes the o-shell symmetric amplitude
F (s; t) = F (s = p2; t = q21 = q
2
2) (7)
In the deep Euclidean region F (s; t) = FQCD(s; t) with FQCD(s; t) given by
the triangle graph,the contribution of which takes a particularly simple form in
the symmetric case [7]





dx dyxxy2(y(xxs− t) + t) ; x = 1− x (8)
In addition non-perturbative condensates also contribute
Fnp(s; t) = b1t2 + b2t3 + b3st +    (9)
where
b1 = −39hsG2i
is the only one we shall need.
FQCD(s; t) = Fp(s; t) + Fnp(s; t) (10)
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For t xed F (s; t) is an analytic function of the complex variable s with a





ds(s−m02)s(s−m2pi)F (s; t) (11)
where c is the closed contour in the complex s plane consisting of a circle of
large radius R and two straight lines lying immediatly above and immediatly
below the cut and where m0 is an up to now arbitrary mass parameter. A
straightforward result of Cauchy’s theorem is
F (m2pi; t) = F (0; t) + m
2
pi(m





The integral in the equation above consists of two parts: an integral over the
cut, which arises from the contribution of the 0− intermediate states, which we
expect to be dominated by the very broad  exitation at m2pi′ = 1:7GeV
2 and
an integral over the circle.For m02  R, the factor (s −m02) splits the integral
over the cut into two parts over which the integrand has opposite signs and the
relative magnitude of which varies with m02. There will thus exist a value of
m02 for which the contribution of the integral over the cut vanishes, this value
we adopt.We have then
F (m2pi; t) = F (0; t) + m
2
pi(m





the integration being now restricted to the circle of radius R in the complex s
plane.
In order to obtain F (s; 0) we proceed in a similar fashion.F (s; t) is an analytic
function of the complex variable t except for a cut on the positive real t axis
running from 4m2pi to innity.In the low enrgy region F (s; t) is dominated by
the − ! mesons double and single poles





dt(t−m2ρ)2tF (s; t) (15)
where c0 is a contour similar to c in the complex t plane.The double and single
vector meson poles having been removed, the major contribution to the integral
(15) comes from the integral over the circle the radius R0 of which is the duality
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radius in the vector meson channel in a resonance plus continuum model for the
absorptive part. So that by Cauchy’s theorem
F (s; 0) w 1m4ρ12i
∮
R′
dt(t−m2ρ)2tF (s; t) (16)
It then follows from eqs.(5), (13) and (16) that
F (m2pi; 0) = 1 + m
2
pi(m







ds dt(s−m02)s(s−m2pi)(t−m2ρ)2tFQCD(s; t) (18)
and where the fact that jsj and jtj are large on the circles of radii R and R0
has allowed the replacement of F (s; t) by FQCD(s; t); an approximation which
ought to be good except in the neighborhood of the real axis.
The contribution of Fnp to pi,
np = b1m4ρ (19)
is small, it amounts to about 6% for hsG2=i ’ :12GeV4:
Fp contributes
p = −19m02m2ρ + 2m4ρ(R10(R2−m02)−m2ρR3 + m026(R0 − 2m2ρ ln(R0R)−m4ρR0))
(20)





ρ −R03m2ρ + m2ρ3R0 + 23 ln(R0R)) + m2pi(m02 −m2pi)(1 + 2R3m2ρ −R210m4ρ − b1m4ρ)
(21)
Let us now discuss the choice of the parameters R, R’ and m02 entering
in eq.(21). R0 the duality radius in the vector meson channel is usually taken
R0 w 1:5GeV 2 in the litterature[9]. The value of R should be large enough to
include the contribution of the pion excitation, moreover the value of pi should
be stable against small variations of R.The value R = 2GeV 2 , where pi passes
through a maximum meets both conditions.The contribution of the three meson
intermediate state to pi is supressed by loop factors and amounts to little [5]
[6]. We thus expect the main contribution to pi to come from the rst pion
excitation at 1:7 GeV 2: But this resonance is very broad and because of the
presence of the factor 1=s(s−m2pi) in the integral, we choose a smaller value for
m02
m02 = (1:1 :2)GeV2 (22)
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which yields
pi = :033 :010 (23)
The 0 −! 2γ decay rate is given by
Γ(0 −! 2γ) = 2m3pi643f2pi+ :(1 + pi)2:2f2pi+f2pi0 (24)
Consider next the decays  −! 2γ and 0 −! 2γ: The axial-vector currents
which enter in the denition of the three-point function, eq.(1), are
(A(8)α f8: cos  −A(0)α f0: sin ) and (A(8)α f8 sin  + A(0)α f0 cos ) (25)




3(uγαγ5u + dγαγ5d− 2sγαγ5s)
A(0)α = 1
p
6(uγαγ5u + dγαγ5d + sγαγ5s) (26)
h0 j A(8)α j (p)i = i f8 cos  pα ; h0 j A(0)α j (p)i = −i f0 sin  pα
h0 j A(8)α j 0(p)i = i f8 sin  pα ; h0 j A(0)α j 0(p)i = i f0 cos  pα (27)
The two photon decay rates of the  and 0 mesons are then
Γ( −! 2γ) = m3η21923f2pi+(1 + η)2:(cos F8 − 2
p
2sin F0)2 (28)
Γ(0 −! 2γ) = m3η′21923f2pi+ :(1 + η′ )2:(sin F8 + 2
p
2cos F0)2 (29)
where F0,8 = f0,8=fpi+
The method used in the calculation of pi cannot be straightforwardly ap-
plied to the decays of the  and 0 because now two pseudoscalar excitation
 (1295) and (1440) dominate the continuum and couple to both the  and
0 with unknown strength. The posibility that their contribution come with
comparable magnitudes and opposite signs cannot be excluded. In such case
a reliable estimate of the factor m0 which annihilates the contribution of the
continuum is impossible. Because the isoscalar excitation are very narrow we
shall use − functions to evaluate their contribution to the continuum in eq.(12)
which is no longer negleted, the two couplings being treated as unknowns. In
the equivalent of eq.(12) m0 is taken successively as
m0 = mη(1295) and m0 = mη(1440) (30)
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dss(s−m2p)F (s; t) (31)
and proceeding as before.
We take R ’ 2:5GeV2 in both the  and 0 channels in order to include both
isoscalar excitations. This choice keeps us in the stability region. We nally
obtain
η = −:05 ; η′ = −:15 (32)
It is remarkable that in both cases the contributions of the isoscalar excita-
tions to the integral (31) practically cancel.
It is now possible to analyse the results.The deviation of the ratio fpi+fpi0
appearing in eq.(24) from unity is O(m2q) [5], [6] and therefore negligible, our
value of pi then yields
Γ(0 −! 2γ) = (8:25 :15)eV (33)
to be compared with the experimental value Γexp(0 −! 2γ) = (7:75 :60)eV:
Equations (28) and (29) yield F8 and F0 only as a function of the mixing
angle. If we choose the value obtained from chiral perturbation theory [1],
 = −19:50 we get
F8 = 1:28 ; F0 = :95 (34)
which are not very far from the ones obtained from chial perturbation theory
[1] [10]
F8 = 1:25 ; F0 = 1:04 (35)
despite the large values of the  and 0 masses which would make us a priori
expect quite larger values for the PCAC corrections then those obtained from
eq.(32)
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